In this paper, a two-species cooperating model with free diffusion and self-diffusion is investigated. The existence of the global solution is first proved by using lower and upper solution method. Then the sufficient conditions are given for the solution to blow up in a finite time. Our results show that the solution is global if the intra-specific competition is strong, while if the intra-specific competition is weak and the self-diffusion rate is small, blow-up occurs provided that the initial value is large enough or the free diffusion rate is small. Numerical simulations are also given to illustrate the blow-up results. MSC: 35K57; 92D25
Introduction
In this paper, we are concerned with the following nonlinear reaction-diffusion system: the following cooperating model with free diffusion:
here all parameters are positive constants except a  and a  which can be chosen positive, zero or negative. He proved that a unique solution of (.) exists and is uniformly bounded in¯ [, ] . These works concentrate on the existence of time-dependent solution or uniform boundedness and stability of global solutions. In this paper we are interested in studying the blow-up properties of the solution and we will consider the effect of selfdiffusion coefficients α  and α  on the long time behaviors of the solution.
The content of this paper is organized as the follows: In Section , the existence and uniqueness of global solution are given by using upper and lower solutions and their associated monotone iterations as in [] . Section  is devoted to a sufficient condition for the solution to blow up. Numerical illustrations are performed in Section  and a brief discussion is also given in Section .
Existence of global solution
This section is devoted to the global existence of (.). First we give the definition of ordered upper and lower solutions of (.), then a pair of ordered upper and lower solutions is constructed.
are called ordered upper and lower solutions of the problem (.), ifũ ≥û and ifũ satisfies the relations
andû satisfies the above inequalities in reversed order. http://www.advancesindifferenceequations.com/content/2014/1/166
Since we only consider the positive solution, then we have the inverse
which is an increasing function of w > . In view of w it = (d i + α i u i )u it , we may write the problem (.) in the equivalent form
, it is easy to see (ũ  ,ũ  ,w  ,w  ) and (û  ,û  ,ŵ  ,ŵ  ) are ordered upper and lower solutions of (.).
Define Lw i = w i -μw i and
where μ is a positive constant such that
We denote by C(¯ × [, T]) the space of all bounded and continuous functions in¯ × [, T], the vector-value functions are denoted by C(¯ × [, T]). Set
where u = (u  , u  ) and w = (w  , w  ). It is easy to see, for any (
Before constructing monotone sequences, we present the following positivity lemma, which will be used in the proof of the monotone property of the sequences.
) satisfies the following inequalities:
By using either u
i =ũ i as the initial iteration we can construct a sequence {u (m) , w (m) } from the nonlinear iteration process
for any m and i = , . Since the equation in (.) is equivalent to
under the same boundary and initial conditions, the existence of the sequence u The following lemma shows that the sequences are monotone.
Lemma . The sequences {ū
i -ŵ i , combining (.) with the definition of the lower solution yields
Moreover, by the mean value theorem, we have
for some intermediate value ξ
i . Then we have
On the other hand,
It follows from Lemma . that z
i , and thus u
i . Moreover, based on (.) and (.) we know that φ
Using Lemma . again, we have φ
By the mean value theorem, we obtain 
By Lemma ., we have z From the proof of Lemma ., we know that the following comparison principle holds.
) be the ordered upper and lower solutions of the problem (.), respectively. Then we have
In view of Lemma ., the pointwise limits 
Moreover, u * is the unique solution of problem (.).
The proof of this theorem is similar to Theorem . in [], so we omit it here. The existence and uniqueness of the solution to problem (.) can be ensured by constructing a pair of ordered upper and lower solutions of (.). In fact, we only need to construct a bounded positive upper solution since that we can take (, ) as lower solution. We have the following theorem. 
It is easily to check that (ũ  ,ũ  ,w  ,w  ) = (ρη  , ρη  ,
is the upper solution of problem (.). Further, (ũ  ,ũ  ) is global and uniformly bounded. The desired results can obtain from Theorem ..
Remark . For the problem (.) with the Neumann boundary condition instead of the Dirichlet boundary condition, it can be discussed similarly. For the one-dimensional case, we can also obtain the existence and uniform boundedness of the global solution by using Gagliardo-Nirenberg-type inequalities; see [] for details.
Blow-up of the solution
In this section, we consider the existence of the blow-up solution. Here we say the solution (u  , u  ) blows up in a finite time T >  if
To get the blow-up results for the system (.), we first consider the scalar problem:
where k, D, b, and α are positive constants.
Lemma . The problem
has a nontrivial nonnegative solution if b > αλ, where λ is the first eigenvalue of Laplace operator subject to the homogeneous Dirichlet boundary condition.
The proof of Lemma . is similar to that of Lemma .. of [] , where α = , and we omit it here.
Lemma . Let z(x, t) be a nontrivial nonnegative solution of problem (.). If
Proof Under the transform w = (D + αz)z, the problem (.) becomes
. Using the comparison principle and assumptions on z(x, ), we have z( T) . Then using again the comparison principle
Lemma . Let λ be the first eigenvalue of Laplace operator subject to the homogeneous Dirichlet boundary condition. If b > αλ and one of the following conditions holds:
(ii) the initial data is large enough, then all nontrivial nonnegative solutions of problem (.) blow up.
Proof Let >  be the corresponding eigenfunction of the eigenvalue λ, which is chosen to satisfy (x) dx = . Define
Then using the first equation in (.) and integrating by parts yield
obviously F(t) blows up in a fine time, and so does z(x, t). (ii) If b > αλ and the initial data is large enough so that
Based on the discussion, we show that if the initial value is large enough the solution of problem (.) must blow up in a finite time. Thereby z(x, t) blows up in finite time.
Our main result in this section can now be stated as follows.
Theorem . Assume that α  , α  are small enough and 
Let φ(x) >  be the eigenfunction corresponding to the eigenvalue λ, then there exists 
, where T  is the maximal existent time of u  , u  , and w
) is a lower solution of (.).
On the other hand, Lemma . ensures the existence of a finite T  such that the solution w * exists in × [, T  ) and is unbounded in as t → T  . Thus the solution of (.) cannot exist beyond T  and is nonglobal. This finishes the proof.
Numerical illustrations
In this section, we present some numerical simulations to investigate the blow-up results in Theorem .. Symbolic mathematical software Matlab . is used to plot numerical graphs. For simplicity, we always take = [, π]. 
Discussions
In this paper, we consider a two-species cooperating model with free diffusion and selfdiffusion. Our main purpose is to find sufficient conditions for the solution to blow up in a finite time. The results show that the global solution exists if b  c  > b  c  , i.e. the interspecific competition is strong. If the inter-specific competition is weak, Theorem . shows that blow-up occurs provided that the initial value is large enough or the self-diffusion rate is small. The latter gives the continuity of blow-up with the self-diffusion rate since the solution without selfdiffusion blows up. The former shows that the solution of the system with self-diffusion http://www.advancesindifferenceequations.com/content/2014/1/166 Comparing Figure  with Figure  , we can see that the solution without self-diffusion blows up fast, which implies the self-diffusion can 'relax' the blow-up. We still have no theoretical proof, but we feel it is worth further investigation.
